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Abstract 



Let Q e K[xi, . . . , Xn] — S he a homogeneous polynomial of de- 
gree d. The freeness of the logarithmic derivation module, D{Q), and 
of its natural generalizations, has been widely studied. In the free case, 
D{Q) ~ 0iLi S{—di) where the c?i's are the exponents of the module; 
and as a direct consequence of the Saito-Ziegler criterion, the formula 
d = di holds. In this paper we give a generalization of this formula in 
the non-free case. Moreover, we show that an equivalent formula is also 
true in the quasi-homogeneous case, and show to what extent it can be 
generalized for arbitrary polynomials. 

MSG 2000: 13N15, 32S25. 
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Introduction 

Let K be a field of characteristic zero. Let us denote by S := K[xi, . . . 
the ring of polynomials in n variables with coefficients in IC. This ring is also 
an infinite dimensional vector space over K. Let Der^{S) := {9 : S ^ S \ 
6{ab) = a6{b) + b9{a)} be the module of the K-linear derivations of S. It 
can be shown that Der^{S) is a free 5-moduIe with basis {di, . . . , where 
di{g) := In other words, every derivation in S can be written in a unique 
way in the form 5 = Y27=i with Oj G S. 

Given a polynomial f £ S, a derivation 6 £ Deri^{S) is said to be a 
logarithmic derivation with respect to / if 5{f) = hf for some h £ S. The set 
of logarithmic derivations with respect to / is denoted by Der{—log /). It is 
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easy to check that Der{—log f) is a submodule of Der^(S). If / = gh, then 
one has that 

Der{—log /) = Der{—log g) n Der{—log h), 

even if g and h do have common factors. 

The previous definition does not distinguish between a polynomial and its 
reduced. For this reason, it is convenient to define a slightly different module 
as follows: let / = /^^/2^ • • • f^'' with fi irreducible for each i. Consider 

r 

D{f) ■.= f]D{f,; a), 

i=l 

where D{g] k) = {6 ^ Der^{S) \ 3h ^ S, 6{g) = hg^}. This definition 
coincides with the logarithmic derivation module when / is reduced, since 
D{g, 1) := Der{—log g). We will call this module the (generalized) logarithmic 
derivation module of /. 

It is easy to prove that, when D{f) is free, its rank is n. The so-called 
Saito criterion characterizes the bases of the module Der{—logf) when free. 

Theorem 0.1 (Saito criterion H, Th. 4.19]). Let f ^ S he an arbitrary poly- 
nomial, and let 6i,...,6n be derivations in D{f). The following statements 
are equivalent: 

1) {5i, . . . ,6n} is a basis of D{f). 

2) det[(5i| • • • \6n] = c - f, for some c G IC*. 

Ziegler studied the module D{Q) for arrangements and gave a generaliza- 
tion of the previous result in p. 351]. 

The case when the module is free has been widely studied; particularly in 
the setting of arrangements (see @|,[§],||6| among others) and in relation with 
the logarithmic comparison theorem (a survey can be found in j^). 

When the polynomial Q is homogeneous of degree d the Saito-Ziegler crite- 
rion allows us to decide algorithmically whether D{Q) is free as S-module. In 
that case D{Q) ~ 0"=i S{—di) where the numbers di are called the exponents 
of the module and are precisely the degrees of a homogeneous basis. As a 
consequence, we have that d = Y17=i 

In this paper we will study the relationship between d and the graded betti 
numbers when the module is not necessarily free, giving a general formula that 
particularizes to the previous one in the free case. More precisely, the following 
result will be proved (see notation in Section |3|). 
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Theorem 0.2. Let Q £ be a u-homogeneous polynomial with u S ^>o; 
and V S a vector such that u + v = {k, . . . ,k) =: k ■ 1. Then D^^'^\Q) is 
a graded S^-submodule of D^^'^^ = Der^'^\s^). Moreover, if 

^ Z)("'-)(Q) ^ 05"(-dO) < ^ 05"(-d^) ^ 

i=l i=l 

is a {u,v) -homogeneous free resolution of D^^'^\Q), then deg"(Q) + |v| is 
the alternating sum of the exponents that appear in the resolution. That is, 
deg"(Q) + |v|=Ej=o(-lFE£i<- 

In particular, taking a minimal free resolution, one has that 

e 

deg"(Q) + |v| = ^(-ir^(j+p)6,,p, 
p=o jez 

where bj^p = bj^p{D^'^'^\Q)) are the betti numbers of D^'^'^\Q) as (u, v)- 
graded module. 

The key step in the proof of this theorem is the interpretation of the 
exponents that appear in a homogeneous free resolution of a graded module 
in terms of its Hilbert-Poincare series. 

The paper is organized as follows. In Section ||, we recall some notions 
of graded modules, homogeneous free resolutions and graded betti numbers. 
Section |^ contains the definition of the Hilbert-Poincare series and some ex- 
amples that ilustrate how to compute it for the modules we are studying. In 
section ^ we stablish conditions for the module D(Q) to be quasi-homogeneous 
(and equivalenty, for the betti numbers to be well defined). The relationship 
between the Hilbert-Poincare series and the betti numbers is discused in Sec- 
tion ^ This relationship is used in Section || to prove the main result. Finally, 
in Section ^ we show to what extent this result can be generalized for the 
non-graded case. 

1 Minimal Resolutions and Betti Numbers 

The following two sections contain the definitions of some classical objects 
that will be used later. Details can be found, for instance, in Q or 

Definition 1.1. LetM. be afield, and R aM.-algebra. A graded structure on 

R is a decomposition as K-vector space R = 0„gj^ Rn such that Ri-Rj C Ri^j. 
An algebra is said to be graded when it admits a graded structure. In that 
case, the subspaces Ri are called the homogeneous parts of R. 

In particular, the following two cases of graded algebras will be used. 
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Example 1.2. The ring of polynomials S = K[xi, . . . is graded, being its 
i-th homogeneous part precisely the space of the homogeneous polynomials of 

degree i. 

Example 1.3. The same ring S = K[xi, . . . ,Xn] admits different graded 
structures by choosing a weight vector u = G Z>0' '^■^^ choos- 

ing as Si the vector space spanned by the monomials .r"^ ■ ■ ■ .r','" such that 
aiui + • • • + OnUn = i. This structure reflects the idea that the variable Xi 
has degree Ui. In this case, the polynomials that lie in Si are called quasi- 
homogeneous with respect to u. We will use the notation <§" to emphasize 
that we are using this graded structure if necesary. 

Let us recall the definition of graded module. 

Definition 1.4. Let R = Rn be a graded K-algebra, and let M be a R- 

module. A graded structure on M is a decomposition as IK-vector space M = 
©iez such that Ri ■ Mj C Mj_|_j . As above, we call a module with a graded 
structure a graded module, and the Mi will be called the homogeneous 
parts of M. 

A submodule iV of a graded module M inherits the graded structure if 

the homogeneous parts of each element of N are also in N. In that case, the 
quotient M/N also inherits the graded structure. 

Definition 1.5. Given two graded modules, M and N , a morphism ip : M ^ 
N is said to be homogeneous of degree d if ip{Mi) C Ni^^- 

Example 1.6. Given a graded module M and an integer number d, one can 
define a new graded structure (denoted by M{d)) just by shifting the degrees 

of M by d, that is M{d)i := Mj+rf. In particular, if we consider S as module 
over itself, the identity map S S{—d) is a homogeneous morphism of degree 
d. 

Definition 1.7. Let R be a graded K-algebra and let M be a finitely generated 
graded R-module. A homogeneous free resolution of M is a resolution 

Q^M^Fo^Fi< ^Fk-i^Fk< 

such that each is a finitely generated free R-module, 

Fk = ^Ri-j-kf-^, 

and each (pk is a homogeneous morphism of degree 0. 

Such a resolution is said to be minimal if (pk{Fk) C mFk_i, being m the 
ideal of R generated by homogeneous parts of positive degree. In this situation, 
the numbers bj^k{M) are called the graded betti numbers of M and bk{M) = 
J2jbj,k{^) = rank{Fk) is called k-th betti number of M. 

A minimal resohition always exists, and the graded betti numbers are 
independent of the chosen minimal homogeneous free resolution. 
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2 Hilbert-Poincare Series 



Definition 2.1. Let R be a graded K-algebra and let M be a graded R-module. 
The formal series in t 

is called the Hilbert-Poincare series of M , and will be denoted by HPj^j(t). 

Example 2.2. If R = lC[x] with the natural grading and we consider R as a 
module over itself, we have that iij = K • x*. In this case, 

i/PK[x](t) = l+t + t^ + --- = 

Analogously, it can be proved that 



The previous formula can be generalized to the quasi-homogeneous case as 
follows. 

Example 2.3. // = ]K[xi, . . . , Xn] is endowed with the graded structure of 
Example (with a weight vector u = {ui, . . . , Un) G ^>o/'; ^-^ readily that 

HPsAt) 



nr=i(i-i^o' 

Note that t^'^HPuit) = HPM[d){i)- This fact, together with the well- 
known fact that the Hilbert-Poincare series is an additive functor, allows us 
to compute it for every module by looking at a graded free resolution. 

The Hilbert-Poincare Series is related to the exponents as follows. 

Remark 2.4. Let M = 0[=;^ S^{—di) be a free graded module. Then 

In particular [Wyi - t^')HPM{t)]' (!) = ELi di- 

The following result is due to Hilbert and can be found in the standard 
literature (cf. H, §). 



Lemma 2.5. Let 5" be as in Example \2.3i, and I a u-homogeneous ideal of 
S^. The order of the pole of IIPg^/j{t) at t = 1 coincides with the Krull 
dimension of the ring S^/I. 
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3 Homogeneity of D{Q) 



Throughout this section Q £ S will be a quasi-homogeneous polynomial with 
respect to a vector u G Z"q as in Example 1.3. We can give a graded structure 



on Der^{S) in such a way that D{Q) is a graded S'^-submodule as follows. 
The degree of a derivation is given by deg(aj3j) = deg"(aj) + Vi where E 
S^. That is, the partial derivatives di have degree Vi, and hence Der^{S) ~ 
©iLi 'S'"(— Wj) as a graded S'^-module. We will denote this graded structure by 
Der^'^\s^), or simply D^"'"^), where v = {vi, . . . , Vn). If the graded structure 
is not relevant, the vectors u, v will be omited. 

In what follows we will see for which values of u and v the module D{Q) 
turns out to be a graded 5"-submodule of D'^^'^\ 

Example 3.1. Let Q = x"^ + e = S. It is u- homogeneous with 

u = (u, n). Consider the Euler derivation £ = xdx + ydy. Clearly E G D{Q), 
so if D(Q) is a graded submodule of D^^'^\ the homogeneous parts of £ must 
also he in D{Q). Since xdx, ydy ^ D{Q), the only way D{Q) can he graded is 
if the Euler derivation is homogeneous, and hence the vector v must have the 
form V = v). 

Example 3.2. Let Q = x^^y^'^ G y\ = for some u G Z?,q and consider 
the derivations 5i = x^^dx, S2 = y^^dy. Clearly 5i and 82 are derivations that 
lie in D{Q). By Saito's criterion, we can see that, in fact, {61,62} form a 
hasis of D(Q). Now for every v = (^1,^2) G the module D^^'^^Q) is a 
graded submodule of Der^'^\s^). 

Lemma 3.3. For all f £ S, one has Anns{D/D{f)) = S{f). 

Proof. One of the inclusions is obvious since f ■ D Q D{f). Let us consider 
/ = f^^ • • • f^^ the decomposition of / into irreducible factors and let g G 
Anns{D/D{f)). Then g-DQ D{f) and thus f-' divides g6{fi) for sl\ 6 & D 
and for all i. To finish the proof it is enough to show that there exists 6 £ D 
such that 6{fi) and f^^ do not have common components for all i. 

If / is xi-general then so is fi for all i and 6 = = dx^ can be chosen. 
Otherwise there exists : 5 — > 5 a change of coordinate such that (/'(/) = 9 
where g is now xi-general. Let us denote gi = ^p{fi) and -0 = ^p~'^. Thus the 
polynomials and ^f^' do not have common factors and therefore 
and ^{g^^) = f1^ do not either. Note that 



( = VeY dLp{xk) \ _ dft 



^ \dxi} ~^^V ) ^^fc 

Hence 6 = fc V' '^^dxi ) "^^fc verifies the aforementioned condition and the 
claim follows. □ 
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Recall that the dimension of a module is related to the dimension of its 
annihilator. Specifically, the above result shows that the logarithmic derivation 
module D{Q) always has dimension n — 1. 

Lemma 3.4. Let Q G (5*")^ be a homogeneous polynomial of degree d and 
6 G {D^^'^^)j a homogeneous derivation of degree j with u + v = k ■ 1. Then 
S{Q) £ {S^)d+j~k, i-G- a is homogeneous of degree d + j — k. 

Proof. Assume Q = • • • x"" = is a monomial with a • u := onUi = d. 
The general case follows obviously from this one. The derivation 5 can be 
written in the form 5 = hidx^ where hi E (S'")j_„. has degree j — Vi. The 
degree of hiX°'~^^ in is j — Vi + {a — ei) ■ u = j — Vi + d — Ui = d + j — k. 
Hence 6{Q) = a.h.x''-'^ G {S^)d+j-k- □ 

Proposition 3.5. Let Q €z S and u € Z". The following conditions are 
equivalent: 

1) The polynomial Q is quasi-homogeneous with respect to the weight vec- 
tor u. 

2) The module D{Q) is a graded S^-submodule of D^^'^^ for all v G Z"" 
with u + V = k ■ 1. That is D{Q) is homogeneous with respect to the 
weight vector (u, v). 

Proof. Assume Q is u- homogeneous of degree d and consider 5 G D{Q) C 
^ — ^. )-,g i^j^g decomposition of 5 into homogeneous parts, that 
is 5j G Let us consider Q = ■ ■ ■ Qp' the decomposition of Q into 

irreducible factors and denote by di the degree of Qi. Then for each i there 
exists hi with 5{Qi) = hiQ'^\ Every hi can be written as hi = Ylj ^ij where 
hij has degree j. Taking the homogeneous parts in the expression 

Y^h,,Q',^ = hiQf = 6{Q,) =Y^6,{Q,) G 5", 

j j 

we have that 5j{Qi) = /ij .,_rf^(e^_i)_fc • Ql\ In particular 5j G D{Q) for all j 
and hence D{Q) is (u, v)-homogeneous. 

Assume now that the condition (2) is satisfied. The u-homogeneity of 
Q can be easily deduced from Lemma |3.4| , since the annihilator of a graded 
module is always a homogeneous ideal with the inherited graduation. □ 

When these conditions hold, we will use the notation (Q) to empha- 

size the graded structure. 

Remark 3.6. Note that D{Q) can be computed using Grobner bases in the 
ring of polynomials S. IfQis quasi-homogeneous, all operations required in the 
computation of D{Q) preserve the quasi- homogeneity. This actually provides 
another proof for the first implication of Proposition \3. 4 
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4 Interpretation in terms of Hilbert-Poincare series 

Given a graded submodule M C = Der^^'^\S''), consider HPM{t) the 

Hilbert-Poincare series of M. Now define x{M) := [YI{1 - e')HPM{t)]' {!) G 
Z. The following properties of x are a direct consequence of the properties 
verified by the Hilbert-Poincare series. 

Lemma 4.1. The invariant x has the following properties: 

• X is additive, 

. = d, 

• XP^"'''^) = |v| ■.= Vi + ---+Vn. 

From now on, u = (ui, . . . , Un) G and v = (fi, . . . , u„) G Z" will be 
vectors such that D^^'^\Q) is a graded 5"-submodule of D^^'^\ The purpose 
of this section is to reduce Theorem 0^ to the computation of x{D^^'^\Q))- 
The following two results achieve this. 

Proposition 4.2. Let Q £ be a quasi-homogeneous polynomial and con- 
sider D^^'^\Q) C its module of logarithmic derivations. Suppose that 

ro re 

^ D(u.v) (Q) ^ 5(_rfO) , ^ ) ^ (1) 

1=1 i=l 

is a free homogeneous resolution of D^^'^\Q). Then xiD^^'^\Q)) is the al- 
ternating sum of the exponents that appear in That is, xi^^^'^'' {Q)) = 

Proof. Take Fp = 0[^^ ) for < p < ^. Since x is additive, it is readily 

seen that x{D{Q)) = T!p=Q{-'^f x{Fp) ■ On the other hand, 

x{Fp) = xC®S{-d^))=Y,x{S{-d^))=Y.< 

i=l i=l i=l 

and the claim follows. □ 

Corollary 4.3. Let bj^p = bj^p{D{Q)) be the graded betti numbers of D^^'^\Q) 
with respect to the grading given by (u, v). Then 

p=o jez 



Proof. If the resolution of Proposition is minimal, then, by definition of 
betti numbers, Fp = 0^^^ ^(-df ) = S{-j - pf^-p. Applying x to the 
previous equality one obtains that Yli df = + P) bj,p- □ 

In the next section we will see that xiD^'^'^KQ)) = deg((5) -|- |v|. 
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5 Computation of the invariant xiD^^'^\Q)) 

The following lemma is key for the computation of x{D^^'^\Q))- 

Lemma 5.1. Let I C be a homogeneous ideal. If I contains two poly- 
nomials with no comm,on factors, then there exists H{t) G Z[t] such that 
Y\i{l - t''i)HPs^/i{t) = (1 - tfH{t). In particular = 0. 

Proof. The Hilbert-Poincare series of /I can always be written as HPg^ jiit) = 
(1 - • G(t)/n(l - where ^ and s = dim(5"//). We want 

to prove that n — s>2. Since s/l contains two polynomials without common 
components n — 2 > dim(S'"/\/7) = dim(S'"//) = s. 
For the last statement, note that 

n(i - t"o^^^(5u/7)(-d)(t) = t\i - tfH{t), 

i 

and - t)^H{t)Y{l) = 0. □ 

Lemma 5.2. Let M be a graded submodule of D^"'"^) and consider Mj = 
M + ...,di)fori = Q,...,n. (Mq = M, M„ = Then 

n 
i=l 

Proof. Recall that, given three modules, N G M G L we can define the short 
exact sequence — > M/N L/N — > L/M — >■ given by inclusion and 
projection respectively. Since Mj_i d Mi C we get that 

Mi/Mi_i /Mi_i Z)("'")/Mi ^0, i = 1, . . . ,n. 

Moreover, all the morphisms are homogeneous of degree 0. Now we can use 
these exact sequences and the additivity of % to obtain the required expression 
(recaU that Mq = M, Af„ = D^"-^)). 

xiD^'^'^^/M) = x(Mi/Mo) + x(^("'"VMi) = 

= x(Mi/Mo) + x(M2/Mi) + x(£'("'"V^2) = 

= x(Mi/Mo) + • • • + x(M„/M„_i) + x(i5("'^V^n) = 

n 

= ^xWM,_i) 
1=1 

□ 
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Proposition 5.3. Let Qi and Q2 & S be two quasi-homogeneous polynomials. 
IfQY"^ andQl""^ have no common factors, t/ien xP^^'^HQi) + = 
|v| . 

Proof. Let M = D^'^'^\Qi) + D("'''HQ2); consider the modules Mi = M + 
S'^idi, ...,di),i = 0,...,n. We will prove that x(Mi/Mi_i) = 0, z = 1, . . . , n. 
Using Lemma ^ and the additivity of x we get that x{^) = xi^^^'^^) = 

Ex(5"(-t'.)) = |v|. 

Now observe that 

Mi Mi_, + S^{d,)^ S^{d^) ^5", . . ^ 

- -{-Vi), ^ = l,...,n. 



The first isomorphism comes from the (Second) Isomorphism Theorem, and 
the second one is induced by the identification S^{di) = S^{—Vi). Particularly 
li is the image of S^{di) n Mj_i by the morphism S^{di) — > S^{—Vi) given 
by hdx h for h £ S^. These two morphisms are homogeneous of degree 
because di has degree Vi. 

The derivation Qidi is clearly in Z^^^'^HQi) ^ M C Mi_i. Therefore 
Qidi £ S^{di) nMj_i and hence Qi G li. For the same reason Q2 is also in /j. 
We have just proved that li is a homogeneous ideal that contains two polyno- 



mials without common factors. By Lemma 5.1 and the previous isomorphisms 



X(M,/M,_i) = x{{S^/m-v,)) = 0. □ 
Theorem 5.4. x(^^"'^HQ)) = deg"(Q) + |v|. 

Proof. If Q is a constant polynomial, then D^^'^\Q) = Z)("'"^) and the result 



is a direct consequence of Lemma 4.1 



Now assume that Q has a positive degree, and let Q = Q^^ ■ ■ ■ Q'^/ its 
irreducible factor decomposition. We shall complete the proof by induction 
on r. 



= l| . Let M = D("'^)(Q) = D("'^)(Qf ) and consider the modules 
Mi = M + S'^idi, ...,di),i = 0,...,n. We wiU prove that x{Mi/Mi_i) = 0, 
for i = 2, . . . ,n and that xi^i/^) = ~d- By Lemma ^.2| , this would prove 
that x{D^'^'^'>/M) = -d and, by Lemma pT|, x{M) = d+\w\. 

Without loss of generality, we may assume that Qi is xi-general of order 
deg{Qi). 

Take i G {2, . . . , n}. As in the proof of Proposition 5.3 we have the follow- 
ing graded isomorphisms: 



Mi _ Mi_^ + S^jdi, 
M,_i M_i 



S^{di^ 



s^{di)nMi^ 



-j-y-'^i 



1, 



,n, 



where li is the image of S^{di) n Mj_i by the graded morphism S^{di) — > 
S'^i-Vi) given by hdi h. It is clear that Ql^di E L>("'^)(Qf ) = M C Mi_i. 
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This implies Qfdi G n Mj_i and hence Ql^ e /«. On the other hand, 

the derivation - G M. Since di G Mi_i one obtains that £ 

Mj_i and thus € /«. (Note that this last statement is not necessarily true 
for i = 1, since in general di ^ M = Mq). From the assumption that Qi is 
xi-general of order deg{Qi), one obtains that and have no common 



factors. By Lemma |0| it follows that x{Mi/Mi^i)) = x((5'"//i)(-Vi)) = 0. 

Let us now study the case i = 1, that is, we are interested in the module 
Mi/M. Analogously Mi/M ^ 5"(9i)/5"(9i) n M. Let us see that 5"(ai) n 
M = 5"(Q5i). It is clear that Qdi £ M = L»("'^)(Q). Let us suppose that 
5 = hdi £ M with h £ S"". Then there exists hi £ 5" such that h^ = 

hdi{Qi) = hiQl^. Since and have no common factors, it follows 
that Ql^ divides h. So x{Mi/M) = x(S"(ai)/5"(9i) n M) = x(5"(5i)) - 



< r 



Suppose Q = Qi^Q2 where Qi y (^2 have no common fac- 
tors, and by induction hypothesis, suppose the result is true for Q2- Clearly 
D("'^)(g) = Z)("'^)(Q^i) n D^'^'^\Q2). The additivity of x implies 

The first term of the sum is deg{Ql^) + |v| for the case r = 1, the second 
one is deg{Q2) + |v| by induction hypothesis and the last one is |v| because of 
Lemma |5.3|. □ 



Remark 5.5. One always has that ^dxi — ^^dxi £ D{Q) and hence Q £ 
li, i = 2, . . . ,n. Therefore when Q is reduced, since D{Q) and Der{—log Q) 
coincide, no induction is needed. 

We have proved the main result of this paper. Now assume that Q is a 
u-homogeneous polynomial and D^^'^\Q) is a graded module. From Propo- 
sition 3^, is also graded. Applying Theorem 5^ to these two 



modules, we obtain: 

x(D("'"+^)(Q)) - X(^^"'")(Q)) = |v + 1| - |v| = n. 

Let us compute x{D^^'^\Q)) using a free resolution ^ D'^^'^\Q) <— 
F, ^ . On the other hand, the resolution *- D^'^^^+^^Q) ^ F,(-l) ^ 
can be used to compute x{D^^'^~^'^\Q)) ■ The difference between both resolu- 
tions is that the S^{—i) of the first one appear as S^{—i — l) in the second one. 
So, when computing the alternating sum we obtain that '^p>o{—^yrk{Fp) = 
n. That is, the alternating sum of the ranks of a free homogeneous resolution 
must be equal to the number of variables. 

Remark 5.6. The previous statement can also be proved as follows: 
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Since K{S) the fraction field of S is a flat S-module, the rank of a finitely 
generated S-module M defined as rk{M) = K{S)®s^ is an additive function. 
If M = Z)("'"^) (Q) and we take a free homogeneous resolution 

^ M ^ F, ^ 

then rk{M) = Ep>o(-l)^^^(^p)- ^^^^9 inclusion QL>("'^) c i:>("'^)(g) C 
/)(u,v) flatness of the S-module K{S) one can verify that 

n = rA;(L'("'^)(g)) = "^{-IfrkiFp). 

p>0 

Note that when the weight vector u contains both positive and negative 
entries, the graded parts of the module have infinite dimension, and hence the 
Hilbert-Poincare series is not well defined. That is why the proof of Theo- 
rem p.2| cannot be generalized. Nevertheless, computational evidence suggests 
that the result is also true in this case. There are some infinite families of 
polynomials (such as the free ones, and those of the form F = G ■ H where 
G satisfies the theorem and H defines a hyperplane arrangement) for which 
alternative proofs exist. This justifies the following conjecture. 



Conjecture 5.7. Theorem O.i also holds for aribtrary weight vector vl^U' 



6 Towards the General Case 

When f £ S is not quasi-homogeneous, the module of logarithmic derivations 
is not graded and thus the exponents and the graded betti numbers of D{f) 
are not well defined. In this section we show what can be expected in this 
general setting. Let us start with an example in dimension 3. 

Example 6.1. Consider f = x^z + y'^ -|- S ]IC[x, y, 2] = 5. A free resolution 
of D[f) can he efficiently computed with, for instance, the computer algebra 
system Singular 

^ D{f) ^ S{-1) e S{-2) e S{-3) e 5(-3) <^ S{-5) ^ (2) 

Although D{f) is not graded and therefore the resolution is not homoge- 
neous, the notion of degree makes sense. Thus we write : S{—1) (B S{—2) © 
5'(— 3)©S'(— 3) — > D{f) to emphasize that D{f) is generated by four elements 
of degrees 1,2,3,3. In other words, ipi is compatible with the usual filtration 
given by the degree of a polynomial, that is, (pi (m) has degree < k if m has 
degree < k, in the corresponding free graded S-module. 

Note that the alternating sum of the degrees that appear in the above res- 
olution is the degree of f. However, replacing the basis {61,62,63,64} of the 



12 



first free module by {ei + 62,62,63,64}, one obtains a new free resolution of 
D{f ) where the first free module is S{-2) © S{-2) © S{-?,) © 5(-3) and the 
rest being the same. Now the alternating sum is different from the degree of 
the polynomial. 

The previous example tells us that Theorem can not be stated for any 
resolution of D[f) when / is not quasi-homogeneous. We shall show that it 
is always possible to find a resolution such that the alternating sum of some 
"exponents" equals the degree of the polynomial and also we will see how to 
compute such a resolution starting from a system of generators of D{f). 



6.1 Some Well-known Results on Homogenization 

Let us denote by = K[xi, . . . , x„, h] = S[h] the ring of polynomials in n + 1 
variables. Here we consider on S'^ the classical graded structure given by the 



degree of a polynomial, see Example 1.2. On {S ) the graded structure is the 



one induced by considering that the elements in the canonical basis have 
degree zero. 

Given M a S'-submodule of and m G M, we denote by G (S^)'^ the 
homogenization of m with respect to h. The homogenization of a module is 
given by := S^{m^ \ m G M). Note that if {mi, . . . ,mr} is a system of 
generators of M, then {m'l, . . . , m^) is in general strictly contained in M'^. 

Lemma 6.2. The following properties about homogenization are satisfied. 

1) {m^)\h=i = m. 

2) Given ^ G (S^)'^ homogeneous, 3£ G N such that h^{^^f^^i)^ = ^. 

3) (MnN)^ = M^nN''. 

4) Let {mi, . . . , m^} be a Grobner basis of AI with respect to a graded mono- 
mial ordering. Then = S^{mi, . . . , m^.) . 

In the sequel we will make use of this lemma without an explicit reference. 

6.2 Computing x{D{ff) 

Lemma 6.3. D^^^) n 5^5,, , . . . , 9, J = 

Proof. Let / = /^^ • • • f^"" be the decomposition of / into irreducible factors. 
Let us denote F = f'' and Fi = . Consider S = ^"^^ Aid^^ G D{f^) with 
Ai G 5^ homogeneous of the same degree. There exist Gi, . . . ,Gr G such 
that Y17=i^i^' — ' -^j^) j — I,-- - Substituting h = 1, one 

deduces that 5|h=i belongs to D{f) and hence 6 = h^{5\h=i)^ G D{f)^. 
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Now take 6 G D{f). Then 6{fj) = dj- fj^ for some gj G S, j = 1, . . . , r. We 
have that S''{Fi) = h^-5[fif = h^^g'lF^' e {F^'). This means that d'^ G D{F) 
and the proof is complete. □ 

Theorem 6.4. x{D{f)^) = d. 

Proof. Let us first assume that / = f^^ is xi-general of order d, the degree 
of the polynomial. Thus F = \s also xi-general. From Theorem ^.4| , 
x{D{F)) = d. The invariant x of S^{dxi, ■ ■ ■ , is zero, since the module is 



isomorphic to £''^(0)"'. We have already seen in the proof of Theorem 5A that 
x{DerK{S)/{D{F) + S'^id,,,. . .,8, J)) = 0. Hence we have, 

xiDUf) = nS\d,,,...,dxJ)= x{D{F)) + xiS'^id., , • • • , 9x J)- 

- x{D{F) + S\d^, , . . . , 9,J) = d + - = d 

Suppose the result is true for / and g with no common factors. Then 

x(^(/<?)") = xiDiff n Digf) = x{D{ff) + 

- x{D{ff + D{gf) = deg(/) + deg(ff) - 0. 

□ 

6.3 The Homogenization of a Resolution 

Let M be an S'-submodule of D ~ S"" and consider a free resolution <— 



M <— <— 0. As in Example 6.1, each free module can be written as 



= ©i=i S{—d^) in such a way that (pp : Fp ^ -F'p-i respects the filtration 
given by the degree. Consider Fj^ = 0[^i ) for p > 0, F^^ = and 

define 

^^p : F^ Fp^i : e^ ^ ip'^ia) := ippiaf , 

where ipp{ei)^ is the homogenization of ipp{ei) in the free module Fp_^ = 

S^{—d^~^). Thus one can obtain a new sequence of homogeneous mor- 
phisms of degree zero 

^ M'^ ^ Fo'^ ^ • • • ^ F,'^ ^ 
which a priori does not define a resolution of M^. 

Proposition 6.5. Using the above notation, we have that (ker ipp)^ = ker ipp 
and imt^p C (^imipp)^, that is, the homogenization of the given resolution 
becomes a complex. Moreover if mnp^ 5 (mupp)^ holds, then this complex is 
a homogeneous free resolution of M^. 
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Proof. Consider a G ker ipp, then (pp{a) = 0. Thus ipp{a^) is a homogeneous 

element in Fp_i which is zero after making the substitution h = 1 and therefore 

is zero. Conversely, let ^ G a homogeneous element such that ipp{£,) = 0. 

Then ipp{^\h=i) = 4(0\h=i = 0. Hence ^ = /i'(C|h=i)'^ e (ker(^p)\ 

The second part of the statement is obvious. □ 

As a conclusion of the previous discussion we can algorithmically obtain a 
resolution of D{f) which satisfies Theorem p.2| without any assumption on /. 
Compute a resolution of D(f) with respect to a degree monomial ordering and 
homogenized the resolution in order to obtain a resolution of D{f)^ following 
Proposition |6.5|. Finally, apply Theorem |6.4| and the additivity of x- 



Example 6.6. Here we continue with Example \6.\ . The following is the 
matrix expression of the morphisms in the resolution 




-2xy Az^ 
—6xz 



42/2 
y —6xz 



It can be checked that D{f)^ = {mnpo) 



tion verifies the conditions in Proposition 6. 



= im(/?Q and thus the resolu- 
and thus Theorem 10.3 holds. 



However, replacing the basis {61,62,63,64} of the first free module by {ei + 
62,62,63,64}, one obtains a new free resolution of D{f) whose matrix expres- 
sion becomes 



9a; + 3j/2 
8y — 2xz 
6z 



—2xz 




9z^ 
~2xy 
—6xz 





Az^ + x^ 
-3y2 



^1 



xy 



V 



—xy 
12z^' 

6xz 



3x' 



Now imtpQ ^ {imipo)^ and Proposition 6.5 does not apply. 
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